Abstract In this paper the optimal homotopy asymptotic method (OHAM) is employed to obtain approximate analytical solution of nth order ðn P 2Þ linear fuzzy initial value problems (FIVPs). The convergence theorem of this method in fuzzy case is presented and proved. This method provides us with a convenient way to control the convergence of approximation series. The method is tested on nth linear FIVPs and comparisons of the exact solution that were made with numerical results showed the effectiveness and accuracy of this method. 
Introduction
Many dynamical real life problems may be formulated as a mathematical model. These problems can be formulated either as a system of ordinary or partial differential equations. Fuzzy differential equations are a useful tool to model a dynamical system when information about its behavior is inadequate. Fuzzy ordinary differential equations may arise in the mathematical modeling of real world problems in which there is some uncertainty or vagueness. Fuzzy initial value problems (FIVPs) appear when the modeling of these problems was imperfect and its nature is under uncertainty. Fuzzy initial value problems arise in several areas of mathematics and science including population models (Ahmad and De Baets, 2009; Omer and Omer, 2013) , mathematical physics (El Naschie, 2005) and medicine (Abbod et al., 2001; Barro and Marin, 2002) and other applications (Sahu and Saha Ray, 2015) . Approximate-analytical methods such as the Adomian Decomposition Method (ADM), Homotopy Perturbation Method (HPM) and Variational Iteration Method (VIM) have been used to solve fuzzy initial value problems involving ordinary differential equations. Ghanbari (2009) utilized HPM to solve first order linear fuzzy initial value problems. The ADM was employed by Babolian et al. (2004) and Allahviranlo et al. (2008) to solve first order linear and nonlinear fuzzy initial value problems. Abbasbandy et al. (2011) used the VIM to solve linear systems of first order fuzzy initial value problem.
OHAM is somewhat different from other approximateanalytical methods in that it gives extremely good results for even a large domain with minimal terms of the approximate series solution. In OHAM, the control and adjust of the convergence region are provided in a convenient way. Moreover, OHAM is also parameter free and provides better accuracy over the approximate analytical methods at the same order of approximation.
OHAM was introduced recently by and applied for solving nonlinear problems without depending on the small parameter Marinca et al., 2009) . Mabood (2014) has provided a comparative study between OHAM and HPM for strongly nonlinear equation. In this study, it was observed that OHAM gives an accurate solution as compared to HPM. Moreover, an advantage of OHAM is that it does not need any initial guess or to identify the h-curve like Homotopy Analysis Method (HAM) and it is also parameter free. Furthermore, the OHAM has built in convergence criteria similar to HAM but with a greater degree of flexibility (Iqbal et al., 2010) . The proposed method (OHAM) has also been successfully applied on various engineering problems (Alomari et al., 2013a,b; Anakira et al., 2013; Mabood et al., 2013a,b; 2014a,b; Herisanu et al., 2015; Marinca and Herisanu, 2014) .
In this paper, our aim is to apply OHAM to nth order ðn P 2Þ FIVP directly without reducing it to a system. To the best of our knowledge, this is the first attempt at solving a high order FIVP using the OHAM with proof of the convergence in fuzzy case. The outline of this paper is as follows. We will start in Section 2 with some preliminary concepts about fuzzy numbers. In Section 3 we reviewed the concept of OHAM and formulated it to obtain a reliable approximate solution to n th order FIVPs. In Section 4, the convergence theorem of OHAM is presented and proved, In Section 5, we consider numerical examples to show the capability of this method and finally, in Section 6, we give the conclusions of this study.
Preliminaries
Definition 2.1 (Bodjanova, 2006) . The r-level (or r-cut) set of a fuzzy setÃ, labeled asÃ r , is the crisp set of all x 2 X such that lÃ P r i.e.
A r ¼ x 2 XjlÃ > r; r 2 ½0; 1 f g Definition 2.2. Fuzzy numbers are a subset of the real numbers set, and represent uncertain values. Fuzzy numbers are linked to degrees of membership which state how true it is to say if something belongs or not to a determined set. A fuzzy number (Dubois and Prade, 1982) l is called a triangular fuzzy number if defined by three numbers a < b < c where the graph of lðxÞ is a triangle with the base on the interval [a,b] and vertex at x ¼ b, and its membership function has the following form: (see Fig. 1) lðx; a; b; cÞ ¼
and its r-level is ½l r ¼ ½a þ rðb À aÞ; c À rðc À bÞ; r 2 ½0; 1.
In this paper the class of all fuzzy subsets of R will be denoted byẼ and satisfy the following properties (Dubois and Prade, 1982; Mansouri and Ahmady, 2012): 1. lðtÞ is normal, i.e. 9 t 0 2 R with lðt 0 Þ ¼ 1. 2. lðtÞis convex fuzzy set, i.e. lðkt þ ð1 À kÞsÞ P minflðtÞ; lðsÞg 8t; s 2 R; k 2 ½0; 1. 3. l upper semi-continuous on R, and ft 2 R : lðtÞ > 0g is compact.
E is called the space of fuzzy numbers and R is a proper subset ofẼ.
Define the r-level set x 2 R, ½l r ¼ fx n lðxÞ P rg; 0 6 r 6 1 where ½l 0 ¼ fx n lðxÞ > 0g is compact which is a closed bounded interval and denoted by ½l r ¼ ðlðtÞ;
lðtÞÞ. In the parametric form, a fuzzy number is represented by an ordered pair of functions ðlðtÞ; lðtÞÞ, which satisfies (Kaleva, 1987) :
1. lðtÞ is a bounded left continuous non-decreasing function over ½0; 1.
2.
lðtÞ is a bounded left continuous non-increasing function over ½0; 1. 3. lðtÞ 6 lðtÞ; r 2 ½0; 1.
A crisp number r is simply represented by l ðrÞ ¼ lðrÞ ¼ r, r 2 ½0; 1. Definition 2.3 (Seikkala, 1987) . IfẼ be the set of all fuzzy numbers, we say that fðtÞ is a fuzzy function if f : R !Ẽ.
Definition 2.4 (Fard, 2009) . A mapping f : T !Ẽ for some interval T #Ẽ is called a fuzzy function process and we denote r-level set by: ½fðtÞ r ¼ ½fðt; rÞ; fðt; rÞ; t 2 T; r 2 ½0; 1
The r-level sets of a fuzzy number are much more effective as representation forms of fuzzy set than the above. Fuzzy sets can be defined by the families of their r-level sets based on the resolution identity theorem.
Definition 2.5 (Kaleva, 1987) . The fuzzy integral of fuzzy process,fðt; rÞ; R b af ðt; rÞdt for a; b 2 T and r 2 ½0; 1 is defined by: Zadeh, 1965 Definition 2.8 (Zadeh, 2005 These limits are taken in the space ðẼ; DÞ if t 0 or T, then we consider the corresponding one-side derivation. Recall that x€ỹ ¼z 2Ẽ are defined on r-level set, where ½x r €½ỹ r ¼ ½z r , 8r 2 ½0; 1. By consideration of definition of the metric D all the r-level sets ½fð0Þ r are Hukuhara differentiable at y 0 , with Hukuhara derivatives ½f 0 ðy 0 Þ r , whenf : I !Ẽ is Hukuhara differentiable at y 0 with Hukuhara derivative ½f 0 ðy 0 Þ r and it leads to thatf is Hukuhara differentiable for all r 2 ½0; 1 which satisfies the above limits i.e. if f is differentiable at t 0 2 ½t 0 þ a; T then all its r-levels ½f 0 ðtÞ r are Hukuhara differentiable at t 0 .
Definition 2.9 (Salahshour, 2011) . Define the mapping f 0 : I !Ẽ and y 0 2 I, where I 2 ½t 0 ; T. 
Fuzzification and defuzzification of OHAM
The general structure of OHAM for solving crisp nth order ordinary differential equations was described in Gupta and Saha Ray (2014) , Herisanu et al. (2015) , Marinca and Herisanu (2014 
where
are the linear operators of Eqs. (10) and (11) respectively, p 2 ½0; 1 is an embedding parameter, andHðp; rÞ is a nonzero auxiliary fuzzy function, for p " 0 andHðp; rÞ = 0, ½;ðt; pÞ r is an unknown fuzzy function, respectively. When p = 0 and p = 1, we get: 
Choose auxiliary functionHðp; rÞ for Eqs. (3) and (4) in the form:
where C 1 ðrÞ; C 2 ðrÞ; . . . are the constants that become function of r to be determined depending on the value of r for all. Expanding ½;ðt; p; C i ðrÞÞ r about p, we obtain the approximate solution series: (14) into (4) and (5), and equating the coefficients of like powers of p, the following linear equations are obtained. The zeroth order problem is given by (12), and the first and second order problems are given as follows.
First order problem: 
Bỹ 2 ðt; rÞ;
The general nth order formula with respect toỹ n ðt; rÞ is given by:
L n ðy n ðt; rÞÞ À L n ðy nÀ1 ðt; rÞÞ ¼ C n ðrÞF 0 ðỹ 0 ðt; rÞÞ
Bỹ n ðt; rÞ; @½ỹ n r @t ¼ 0
where F P nÀ1 j¼0ỹ j ðt; rÞ and G P nÀ1 j¼0ỹ j ðt; rÞ are the coefficient p n of in the expansion of F ½;ðt; pÞ r and G½;ðt; pÞ r about the embedding parameter p
The convergence of the series (10) depends upon the auxiliary fuzzy constantsC 1 ðrÞ;C 2 ðrÞ; . . ., then at p ¼ 1, we obtain:
Substituting (24) into (21) results in the following residual:
IfR ¼ 0, thenỹ Ã yields the exact solution but mostly for nonlinear problems which does not happen in general. To determine the auxiliary fuzzy constants ofC i ðrÞ, i = 1, 2. . .n, we choose t 0 and T such that optimum values ofC i ðrÞ for the convergent solution of the desired problem is obtained. To find the optimal values ofC i ðrÞ for each r-level set here, we apply the least squares method (Mabood et al., 2013a) as follows:
whereR is the residual, It has been proved that Eq.
(1) has a unique fuzzy solution in each case of r-level set for all r 2 ½0; 1 (Mansouri and Ahmady, 2012) .
OHAM convergence in fuzzy environments
In this section, we introduce the convergence of the solution of the nth order FIVP (1) by OHAM in Section 3. According to Theorem 2 in Gupta and Saha Ray (2014), we define the following theorem.
Theorem 4.1. Let the solution componentsỹ 0 ðt; rÞ,ỹ 1 ðt; rÞ, y 2 ðt; rÞ, . . . be defined as given in Eq. (14) and Eqs. (17)- (22). The series solution P nÀ1 i¼0ỹ i ðt; rÞ as defined in Eq. (29) converges if there exist 0 < r < 1 such thatỹ iþ1 ðt; rÞ 6 rỹ i ðt; rÞ 8i P i 0 for some i 0 2 N.
Proof. According to Section 2 the defuzzification of Eq. (27) for all r 2 ½0; 1 is given by Table 3 Comparison of the result accuracy of 5-order OHAM at t ¼ 0:1 and the method (Xiaobin and Dequan, 2013) where r 2 ½0; 1 and i = 1, 2, 3, 4, 5. Using mathematica package to find the solutions for the lower and the upper bounds for the problems (30) and (31) 
By using the least square method that was mentioned in Section 3, we can compute the optimal values ofC 1 ðrÞ, C 2 ðrÞ,C 3 ðrÞ,C 4 ðrÞ andC 5 ðrÞ as shown in t ¼ 0:1 the following tables below (see Tables 1-3 ). Now we can tabulate the absolute errors ½E r and ½ E r of the approximate solutions yð0:1; rÞ and yð0:1; rÞ obtained by 5-order OHAM series solution compared with undetermined fuzzy coefficients method in (Xiaobin and Dequan, 2013) for all r 2 ½0; 1 as follows.
We can conclude from the above table the accuracy of the approximate solution of Eq. (31) solved by 5-order OHAM for all r 2 ½0; 1 when t ¼ 0:1 is better than undetermined fuzzy coefficients method (Seikkala, 1987) when t ¼ 0:001. The next figure shows the 5-order OHAM approximate solutionỹðt; rÞ compared with the exact solutionỹðt; rÞ for all r 2 ½0; 1 at: t = 0.1: (see Fig. 2 Using mathematica package to find the solutions for the lower and the upper bounds for the problems (36) and (35), we obtain (see Fig. 3) y Ã ðt; rÞ ¼ỹ 0 ðt; rÞ þ X 6 i¼1ỹ 1 ðt;C 1 ðrÞ; rÞ ð 38Þ By using the least square method that was mentioned in Section 3, we can compute the optimal values ofC 1 ðrÞ as shown in the following tables below (see Table 4 ). 
Conclusions
In this paper, we studied and applied the optimal homotopy asymptotic method in finding solution of high order fuzzy initial value problems involving linear ordinary differential equations. To the best of our knowledge, this is the first attempt for solving the high order FIVPs with OHAM. The method has been formulated to obtain an approximate solution of general high order FIVP. The convergence theorem of OHAM for solving FIVPs has been presented and proved. In OHAM, the control and adjustment of the convergence of the series solution using the convergence control parameters are achieved in a simple way in a numerical example including second order linear and fourth order fuzzy initial value problems showing the capability and efficiency of the OHAM. We obtained accurate results by using even low order approximation. Moreover, this technique converges to the exact solution and requires less computational work directly without reducing to first order system. The numerical results obtained by OHAM satisfy the fuzzy number properties by taking the convex fuzzy number shape. Moreover the procedure of OHAM has advantages over some existing analytical approximation methods. 
